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1. Introduction
We consider the following difference equation of degree two
dn = adn−1 + bdn−2, d0 = x0, d1 = x1. (1.1)
The study of this equation in the general case could be interesting from
a pure mathematical point of view, but some particular cases produced very
good and important applications. This is the reason for which the properties
and applications of this difference equation were intensively studied in the last
years, in some important special cases.
We will define the (a, b, x0, x1)−numbers to be the numbers which satisfy the
equations (1.1) , where a, b, x0, x1 are arbitrary integer numbers. For example,
if we consider a = b = 1, x0 = 0, x1 = 1, we obtain the Fibonacci numbers
and if we consider a = b = 1, x0 = 2, x1 = 1, we obtain the Lucas numbers.
The properties and applications of some particulae cases of these numbers are
various and were extended to other algebraic structures, or used as applications
in the Coding Theory. We refer here to a small part of those papers which
approached this subject: [Ak, Ko, To; 14], [Ca; 15], [Fa, Pl; 07(1)], [Fa, Pl;
07(2)], [Fa, Pl; 09], [Fl, Sa; 15], [Fl, Sh;13], [Fl, Sh;15], [Fl, Sh, Vl; 17], [ Sa; 17],
[Gu, Nu; 15], [Ha; 12], [Ho; 63], [Na, Ha; 09], [Ra; 15], [St; 06], [Sw; 73].
In this paper, we will provide some properties and applications of the
(a, b, x0, x1)−elements, in some special cases.
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This paper is organized as follow: in Section 3, we found the generating func-
tion for the (1, 1, p+ 2q, q)−numbers (the generalized Fibonacci-Lucas num-
bers), the square of this function, Cassini identity for these elements and other
interesting properties and applications. In Section 4, we found the generat-
ing function for the (1, 1, p+ 2q, q)−quaternions (generalized Fibonacci-Lucas
quaternions), Binet’s formula, Catalan’s and Cassini’s identities. In Section 5,
we studied the (1, a, 0, 1)−numbers, the (1, a, 2, 1)−numbers, the
(1, a, p+ 2q, q)−quaternions and we gave some interesting properties, as for ex-
ample an algebraic structure for the last of them.
2. Preliminaries
First of all, we recall some elementary properties of the Fibonacci and Lucas
numbers, properties which will be necessary in the proofs of this paper.
Let (fn)n≥0 be the Fibonacci sequence and let (ln)n≥0 be the Lucas sequence.
Let α = 1+
√
5
2 and β =
1−
√
5
2 .
Binet’s formula for Fibonacci sequence.
fn =
αn − βn
α− β =
αn − βn√
5
, (∀)n ∈ N.
Binet’s formula for Lucas sequence.
ln = α
n + βn, (∀)n ∈ N.
Proposition 2.1. ([Fib.]). Let (fn)n≥0 be the Fibonacci sequence and let
(ln)n≥0 be the Lucas sequence. The following properties hold:
i)
f2n + f
2
n+1 = f2n+1, ∀ n ∈ N;
ii)
f2n+1 − f2n−1 = f2n, ∀ n ∈ N∗;
iii)
l2n − f2n = 4fn−1fn+1, ∀ n ∈ N∗;
iv)
l2n + l
2
n+1 = 5f2n+1, ∀ n ∈ N;
v)
l2n = l2n + 2 (−1)n , ∀ n ∈ N∗;
vi)
fn+1 + fn−1 = ln, ∀ n ∈ N∗;
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vii)
ln + ln+2 = 5fn+1, ∀ n ∈ N;
viii)
fn + fn+4 = 3fn+2, ∀ n ∈ N;
ix)
fmlm+p = f2m+p + (−1)m+1 fp, ∀ m, p ∈ N;
x)
fm+plm = f2m+p + (−1)m fp, ∀ m, p ∈ N;
xi)
fmfm+p =
1
5
(
l2m+p + (−1)m+1 lp
)
, ∀ m, p ∈ N;
xii)
lmlp + 5fmfp = 2lm+p, ∀ m, p ∈ N.
Let (an)n≥1 and (bn)n≥1 be two sequences of real numbers and let A (z) =∑
n≥1
anz
n and B (z) =
∑
n≥1
bnz
n be their generating functions. We recall that
their product has the form
A (z)B (z) =
∑
n≥1
snz
n, where sn =
n∑
k=1
akbn−k.
3. Generalized Fibonacci- Lucas numbers. Some properties and
applications
Let (fn)n≥0 be the Fibonacci sequence
fn = fn−1 + fn−2, n ≥ 2, f0 = 0; f1 = 1,
and (ln)n≥0 be the Lucas sequence
ln = ln−1 + ln−2, n ≥ 2, l0 = 2; l1 = 1.
In the paper [Fl, Sa; 15], we introduced the generalized Fibonacci-Lucas num-
bers. If n is an arbitrary positive integer and p, q are two arbitrary integers, the
sequence (gn)n≥1 , where
gn+1 = pfn + qln+1, n ≥ 0,
with g0 = p+2q, is called the generalized Fibonacci-Lucas numbers. We remark
that gn = gn−1+ gn−2, with g0 = p+2q, g1 = q and these numbers are actually
the (1, 1, p+ 2q, q)−numbers.
To avoid confusions, in the following, we will use the notation gp,qn instead
of gn.
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Let (gp,qn )n≥1 be the generalized Fibonacci- Lucas numbers and let A be the
generating function for these numbers
A (z) =
∑
n≥1
gp,qn z
n.
In the next proposition we determine this function.
Proposition 3.1. With the above notations, the following relation is true:
A (z) =
qz + (p+ 2q) z2
1− z − z2 .
Proof.
A (z) = gp,q1 z + g
p,q
2 z
2 + ...gp,qn z
n + ... (3.1)
zA (z) = gp,q1 z
2 + gp,q2 z
3 + ...gp,qn−1z
n + ... (3.2)
z2A (z) = gp,q1 z
3 + gp,q2 z
4 + ...gp,qn−2z
n + ... . (3.3)
By adding the equalities (3.2) and (3.3) member by member, we obtain
A (z)
(
1− z − z2) = qz + (p+ 2q) z2,
therefore
A (z) =
qz + (p+ 2q) z2
1− z − z2 .

Proposition 3.2. If A2 (z) =
∑
n≥1
snz
n, then
5sn = ng
10pq,p2+5q2
n + g
p2+5q2−10pq,5pq
n + g
p2+5q2,0
n−1 − ng0,p
2
n−1.
Proof. We know that sn =
n∑
k=1
g
p,q
k g
p,q
n−k. This equality is equivalent with
sn =
n∑
k=1
(
p2fk−1fn−k−1 + pqfk−1ln−k + pqfn−k−1lk + q2lkln−k
)
(3.4)
Using Binet’s formulas for Fibonacci and Lucas numbers, we have
pqfk−1ln−k + pqfn−k−1lk =
=
pq√
5
[(
αk−1 − βk−1) (αn−k + βn−k)+ (αn−k−1 − βn−k−1) (αk + βk)] =
=
pq√
5
[
2αn−1 − 2βn−1 + αk−1βn−k−1 (β − α) + αn−k−1βk−1 (β − α)] =
= pq
(
2
αn−1 − βn−1√
5
− αk−1βn−k−1 − αn−k−1βk−1
)
.
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Using again Binet’s formula for Fibonacci numbers, we obtain
pqfk−1ln−k + pqfn−k−1lk = pq
(
2fn−1 − αk−1βn−k−1 − αn−k−1βk−1
)
(3.5)
From (3.5), it results that
n∑
k=1
(pqfk−1ln−k + pqfn−k−1lk) =
= 2pqnfn−1 − pq
n∑
k=1
αk−1βn−k−1 − pq
n∑
k=1
αn−k−1βk−1 =
= 2pqnfn−1−pq
(
αn−1 − βn−1
α− β + α
n−1β−1
)
−pq
(
αn−1 − βn−1
α− β + α
−1βn−1
)
=
= 2pqnfn−1 − pq
(
fn−1 + αn−1β−1
)− pq (fn−1 + α−1βn−1) =
= 2pqnfn−1 − 2pqfn−1 − pqα
n + βn
α · β = 2pqnfn−1 − 2pqfn−1 + pq (α
n + βn) =
= 2pqfn−1 (n− 1) + pqln.
Therefore, we get
n∑
k=1
(pqfk−1ln−k + pqfn−k−1lk) = 2pqfn−1 (n− 1) + pqln (3.6)
We use again Binet’s formula for Fibonacci and Lucas numbers and we obtain
n∑
k=1
p2fk−1fn−k−1 = p2
n∑
k=1
αk−1 − βk−1√
5
αn−k−1 − βn−k−1√
5
=
=
p2
5
n∑
k=1
(
αn−2 + βn−2
)− p2
5
[
n∑
k=1
(
αk−1βn−k−1 + αn−k−1βk−1
)]
=
=
p2
5
nln−2 − p
2
5
[
n∑
k=1
(
αk−1βn−k−1 + αn−k−1βk−1
)]
.
From relation (3.6) we have
n∑
k=1
(
αk−1βn−k−1 + αn−k−1βk−1
)
= 2fn−1 +
αn + βn
αβ
= 2fn−1 − ln.
Therefore we obtain the following relation
n∑
k=1
p2fk−1fn−k−1 =
p2n
5
ln−2 − p
2
5
(2fn−1 − ln) .
5
Applying Proposition 2.1 (vi), we get
n∑
k=1
p2fk−1fn−k−1 =
p2 (nln−2 + fn)
5
. (3.7)
Using Binet’s formula for Lucas numbers and after for Fibonacci numbers, we
have the following relation
n∑
k=1
q2lkln−k = q2
n∑
k=1
(
αk + βk
) (
αn−k + βn−k
)
=
= q2
n∑
k=1
(αn + βn) + q2
n∑
k=1
(
αkβn−k + αn−kβk
)
=
= q2nln + q
2
[
− (αn + βn) + 2α
n+1 − βn+1
α− β
]
=
= q2nln + q
2 (−ln + 2fn+1) .
Using Proposition 2.1 (vi), we obtain
n∑
k=1
q2lkln−k = q2 (nln + fn) . (3.8)
Adding member by member the equalities (3.6), (3.7), (3.8), we have
sn = 2pqfn−1 (n− 1) + pqln + p
2 (nln−2 + fn)
5
+ q2 (nln + fn) =
= 2pqfn−1 (n− 1)+pqln+p
2 (nln − nln−1 + fn−2 + fn−1)
5
+q2 (nln + fn−2 + fn−1) =
=
[
pq (2n− 2)+
(
p2
5
+ q2
)]
fn−1+
(
np2
5
+ pq + nq2
)
ln+
(
p2
5
+ q2
)
fn−2−np
2
5
ln−1.
It results that
5sn = n
[
10pqfn−1 +
(
p2 + 5q2
)
ln
]
+
+
(
p2 + 5q2 − 10pq) fn−1 + 5pqln + (p2 + 5q2) fn−2 − np2ln−1.
Finally, we obtain
5sn = ng
10pq,p2+5q2
n + g
p2+5q2−10pq,5pq
n + g
p2+5q2,0
n−1 − ng0,p
2
n−1.

For Fibonacci and Lucas numbers, there are very well known the Cassini’s
identities, namely
fn+1fn−1 − f2n = (−1)n , (∀) n ∈ N∗,
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for Fibonacci numbers and
ln+1ln−1 − l2n = 5 · (−1)n−1 , (∀) n ∈ N∗,
for Lucas numbers. In the following, we extend these results for the generalized
Fibonacci-Lucas numbers.
Proposition 3.3. Let p, q be arbitrary integers. Then, we have:
g
p,q
n+1g
p,q
n−1 − (gp,qn )2 = (−1)n−1
[
p2 + 5q2 + 5pq
]
, for all n ∈ N, n ≥ 2.
Proof. We have that
g
p,q
n+1g
p,q
n−1 − (gp,qn )2 = (pfn + qln+1) (pfn−2 + qln−1)− (pfn−1 + qln)2 =
= p2
(
fn−2fn − f2n−1
)
+ q2
(
ln−1ln+1 − l2n
)
+ pq (fn−2ln+1 + fnln−1 − 2fn−1ln)
Using Cassini identities for Fibonacci and Lucas numbers and Proposition 2.1
(ix; x), we obtain
g
p,q
n+1g
p,q
n−1 − (gp,qn )2 =
= p2 (−1)n−1 + 5q2 (−1)n−1+
+pq
[
f2n−1 + (−1)n−1 f3 + f2n−1 + (−1)n−1 f1 − 2f2n−1 − 2 (−1)n f1
]
=
= p2 (−1)n−1 + 5q2 (−1)n−1 + 5pq (−1)n−1 =
= (−1)n−1 [p2 + 5q2 + 5pq] .

For the generalized Fibonacci-Lucas numbers, we introduce the following
quadratic matrix
Mn =
(
g
p,q
n+1 g
p,q
n
gp,qn g
p,q
n−1
)
. (3.9)
Proposition 3.4. With the above notations, the following affirmations are
true:
i) Mn = Mn−1 +Mn−2.
ii) For n ∈ N, n ≥ 2, we have detM = (−1)n−1 [p2 + 5q2 + 5pq] .
Proof.
i) Since gp,qn+1 = g
p,q
n + g
p,q
n−1, g
p,q
n = g
p,q
n−1+ g
p,q
n−2, g
p,q
n−1 = g
p,q
n−2+ g
p,q
n−3, we obtain
the asked relation.
ii) We use Proposition 3.3. 
Remark 3.5. In [St; 06] and [Ba, Pr; 09], were presented some applications
of Fibonacci elements in Coding Theory. The matrix given in relation (3.9) can
be used for coding and decoding over Z when its determinant is 1 or −1 or for
coding and decoding over Za when its determinant is prime with the integer
a. Even if these matrices have the same properties for coding and decoding as
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the similar matrices generated by Fibonacci elements, that means can correct
1, 2 or 3 errors, they can be used as a new class of such a matrices utilized for
coding and decoding.
4. Generalized Fibonacci- Lucas quaternions. Some properties and
applications
Let γ1, γ2 ∈ R \ {0} and let H (γ1, γ2) be the generalized quaternion algebra
with basis {1, e1, e2, e3}, that means a real algebra with the multiplication given
in the following table
· 1 e1 e2 e3
1 1 e1 e2 e3
e1 e1 γ1 e3 γ1e2
e2 e2 −e3 γ2 −γ2e1
e3 e3 −γ1e2 γ2e1 γ1γ2
.
We consider α, β∈Q∗ and HQ (α, β) the generalized quaternion algebra over the
rational field. Let dn be (a, b, x0, x1)−numbers. We define the n-th
(a, b, x0, x1)−quaternions to be the elements of the form
Dn = dn + dn+1e1 + dn+2e2 + dn+3e3
In the paper [Fl, Sa; 15], we introduced the n-th generalized Fibonacci-Lucas
quaternion to be the elements of the form
Gp,qn = g
p,q
n 1 + g
p,q
n+1e1 + g
p,q
n+2e2 + g
p,q
n+3e3.
We remark that these elements are n-th (1, 1, p+ 2q, q)−quaternions.
Remark 4.1. In the paper [Fl, Sa; 15], Theorem 3.5, we proved that the
set {
n∑
i=1
5Gpi,qini |n ∈ N∗, pi, qi ∈ Z, (∀)i = 1, n
}
∪ {1}
has a ring structure with quaternions addition and multiplication, that means
it is an order of a rational quaternion algebra. To prove that the above set is
closed under multiplications, we used properties of Fibonacci and Lucas num-
ber regarding multiplications of two such elements (see Proposition 2.1). For
example, we remark that the product of two Fibonacci numbers gives us Lucas
numbers. This remark explains why we considered the generalized Fibonacci-
Lucas numbers given by the relation 1.2.
In the following, we will provide some properties of generalized Fibonacci-
Lucas quaternions.
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Let B be the generating function for the generalized Fibonacci-Lucas quater-
nions, B (z) =
∑
n≥1
Gp,qn z
n.
Proposition 4.2. With the above notations, we have
B (z) =
G
p,q
1 z + (G
p,q
2 −Gp,q1 ) z2
1− z − z2 .
Proof. We use the following relations
B (z) = Gp,q1 z +G
p,q
2 z
2 + ...Gp,qn z
n + ... (4.1)
zB (z) = Gp,q1 z
2 +Gp,q2 z
3 + ...Gp,qn−1z
n + ... (4.2)
z2B (z) = Gp,q1 z
3 +Gp,q2 z
4 + ...Gp,qn−2z
n + ... . (4.3)
Adding the equalities (4.1) and (4.2) member by member and using relation
(4.3), we obtain
B (z)
(
1− z − z2) = Gp,q1 z + (Gp,q2 − gp,q1 ) z2,
therefore
B (z) =
G
p,q
1 · z + (Gp,q2 − gp,q1 ) · z2
1− z − z2 .

In the following, we consider h(x) a polynomial with real coefficients. We
define the real h(x)–generalized Fibonacci-Lucas polynomials, as polynomials
defined by the recurrence relation
g
p,q
h,n(x) = h(x)g
p,q
h,n−1(x) + g
p,q
h,n−2(x), n = 2, 3, . . . , (4.4)
where gp,qh,0(x) = p+ 2q, g
p,q
h,1(x) = q, for all polynomials h(x).
Definition 4.3. The h(x) – generalized quaternion Fibonacci-Lucas poly-
nomials {Gp,qh,n(x)}∞n=0 are given by the recurrence relation
G
p,q
h,n(x) =
3∑
k=0
g
p,q
h,n+k(x) ek, (4.5)
where gp,qh,n(x) is the nth real h(x) – Fibonacci-Lucas polynomial.
Definition 4.4. The generating function A(t) corresponding to the sequence
{Gp,qh,n(x)}∞n=0 is defined by the following relation
A(t) =
∞∑
n=0
G
p,q
h,n(x)t
n. (4.6)
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Theorem 4.5. The generating function for h(x) – quaternion Fibonacci-
Lucas polynomials Gp,qh,n(x) is given by the relation
A(t) =
G
p,q
h,0(x) + (G
p,q
h,1(x)− h(x)Gp,qh,0(x))t
1− h(x)t − t2 .
Proof. From relation (4.6), we obtain the following relation
A(t)(1 − h(x)t− t2) =
=
∞∑
n=0
G
p,q
h,n(x)t
n − h(x)
∞∑
n=0
G
p,q
h,n(x)t
n+1 −
∞∑
n=0
G
p,q
h,n(x)t
n+2 =
= Gp,qh,0(x) + (G
p,q
h,1(x)− h(x)Gp,qh,0(x))t+
+
∞∑
n=2
tn(Gp,qh,n − h(x)Gp,qh,n−1 −Gp,qh,n−2) =
= Gh,0(x) + (Gh,1(x)− h(x)Gh,0(x))t.

Let r1(x) and r2(x) be the solutions of the characteristic equation r
2 −
h(x)r − 1 = 0, for the recurrence relation given in (4.4). We obtain that
r1(x) =
h(x) +
√
h2(x) + 4
2
, r2(x) =
h(x)−
√
h2(x) + 4
2
. (4.7)
Theorem 4.6. (Binet’s formula) For all n ∈ {0, 1, 2, . . .}, we have the
following relation for the polynomials gp,qh,n(x)
g
p,q
h,n(x) =
(p+ 2q)
r1(x) − r2(x)
(
rn+11 (x) − rn+12 (x)
)− q
r1(x) − r2(x) (r
n
1 (x) − rn2 (x))
(4.8)
Proof. Assuming that gp,qh,n(x) = αr
n
1 (x) + βr
n
2 (x). From relation (4.4), we
obtain that α + β = p + 2q and αr1(x) + βr2(x) = q. Solving this system, we
obtain
α =
(p+ 2q) r1 (x)− q
r1(x) − r2(x)
and
β =
q − (p+ 2q) r2 (x)
r1(x)− r2(x) .
Therefore
g
p,q
h,n(x) =
(p+ 2q) r1 (x) − q
r1(x) − r2(x) r
n
1 (x) +
q − (p+ 2q) r2 (x)
r1(x)− r2(x) r
n
2 (x).
It results that gp,qh,n(x) =
(p+2q)
r1(x)−r2(x)
(
rn+11 (x)− rn+12 (x)
)− q
r1(x)−r2(x) (r
n
1 (x) − rn2 (x)) .
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Theorem 4.7. For n ∈ {0, 1, 2, . . .}, we have the following relation
G
p,q
h,n(x) =
R1(x)r
n
1 (x) −R2(x)rn2 (x)
r1(x) − r2(x) , (4.9)
where
R1 (x) =
3∑
k=0
(−qrk1 (x) + (p+ 2q) rk+11 (x)) ek ,
R2 (x) =
3∑
k=0
(−qrk2 (x) + (p+ 2q) rk+12 (x)) ek .
Proof. Using the Binet’s formula (4.8), it results
G
p,q
h,n(x) =
3∑
k=0
g
p,q
h,n+k(x) ek =
= (p+2q)
r1(x)−r2(x)
(
rn+11 (x)− rn+12 (x)
)
e0 − qr1(x)−r2(x) (rn1 (x)− rn2 (x)) e0+
+ (p+2q)
r1(x)−r2(x)
(
rn+21 (x)− rn+22 (x)
)
e1 − qr1(x)−r2(x)
(
rn+11 (x)− rn+12 (x)
)
e1+
+ (p+2q)
r1(x)−r2(x)
(
rn+31 (x)− rn+32 (x)
)
e2 − qr1(x)−r2(x)
(
rn+21 (x)− rn+22 (x)
)
e2+
+ (p+2q)
r1(x)−r2(x)
(
rn+41 (x)− rn+42 (x)
)
e3 − qr1(x)−r2(x)
(
rn+31 (x)− rn+32 (x)
)
e3 =
=
rn1 (x)
r1(x)−r2(x) [−q + (p+ 2q) r1 (x) +
(−qr1 (x) + (p+ 2q) r21 (x)) e1+
+
(−qr21 (x) + (p+ 2q) r31 (x)) e2 + (−qr31 (x) + (p+ 2q) r41 (x)) e3]−
− rn2 (x)
r1(x)−r2(x) [−q + (p+ 2q) r2 (x) +
(−qr2 (x) + (p+ 2q) r22 (x)) e1+
+
(−qr22 (x) + (p+ 2q) r32 (x)) e2 + (−qr32 (x) + (p+ 2q) r42 (x)) e3] =
= R1 (x)
rn1 (x)
r1(x)−r2(x) +R2 (x)
rn2 (x)
r1(x)−r2(x)
=
R1(x)r
n
1 (x) −R2(x)rn2 (x)
r1(x) − r2(x) .

Theorem 4.8. (Catalan’s identity) Let n, s be positive integers with s ≤ n.
The following relation is true
G
p,q
h,n+s(x)G
p,q
h,n−s(x)−Gp,q2h,n (x) =
(−1)n+s+1
h2(x) + 4
[R1(x)R2(x)((−1)s+1 + r21(x)) +R1(x)R2(x)((−1)s+1 + r22(x))].
Proof. Using formula (4.9), it results
G
p,q
h,n+s(x)G
p,q
h,n−s(x)−Gp,q2h,n (x) =
1
(r1(x)− r2(x))2 [R1(x)R2(x)r
n
1 (x)r
n
2 (x)(1 −
(
r1(x)
r2(x)
)s
)+
R1(x)R2(x)r
n
1 (x)r
n
2 (x)(1 −
(
r2 (x)
r1(x)
)r
)].
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Finally, we use the Vie`te’s relations, we obtain the asked identity.
If in the above Theorem , we take r = 1, we obtain the Cassini’s identity.
Theorem 4.9 (Cassini’s identity) For each natural number n, we have
G
p,q
h,n+1(x)G
p,q
h,n−1(x) −Gp,q2h,n (x) =
(−1)n
h2(x) + 4
[R1(x)R2(x)(1 + r
2
1(x)) +R1(x)R2(x)(1 + r
2
2(x))].

Similar results with the results obtained above for the generalized Fibonacci-
Lucas quaternions were obtained in [Ca; 15], Theorem 3.3 and Theorem 3.6 for
h (x)−Fibonacci polynomials over the real field and in [Fl, Sh, Vl; 17], Theo-
rem 2.3 and Theorem 2.6, for h (x)−Fibonacci polynomials over an arbitrary
algebra.
5. Some properties of (1, a, 0, 1)−quaternions and (1, a, 2, 1)−quaternions
Let a be a nonzero natural number. Let (xn)n≥0 be the (1, a, 0, 1)−numbers
and (yn)n≥0 be the (1, a, 2, 1)−numbers, that means
xn = xn−1 + axn−2, n ≥ 2, x0 = 0, x1 = 1
and
yn = yn−1 + ayn−2, n ≥ 2, y0 = 2, y1 = 1.
If n is a negative integer, we take xn = (−1)−n+1 · x−n.
In the paper [Fl, Sa; 15], we introduced the generalized Fibonacci-Lucas num-
bers and the generalized Fibonacci-Lucas quaternions and we obtained some
properties of them.
Now, we introduce another numbers and another quaternions, where instead of
the Fibonacci sequence (fn)n≥0 we consider the sequence (xn)n≥0 and instead
of the Lucas sequence (ln)n≥0 we consider the sequence (yn)n≥0 .
If we denote with α = 1+
√
1+4a
2 and β =
1−√1−4a
2 , it is easy to obtain the
following relations:
Binet’s formula for the sequence (xn)n≥0 .
xn =
αn − βn
α− β =
αn − βn√
1 + 4a
, (∀)n ∈ N.
Binet’s formula for the sequence (yn)n≥0 .
yn = α
n + βn, (∀)n ∈ N.
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First of all, we get some properties of the sequences (xn)n≥0 , (yn)n≥0 .
Proposition 5.1. Let (xn)n≥0 , (yn)n≥0 be the sequences previously defined.
Then, we have:
i)
ynyn+l = y2n+l + (−a)n yl, (∀)n, l ∈ N;
ii)
xnyn+l = x2n+l − (−a)n xl, (∀)n, l ∈ N;
iii)
xn+lyn = x2n+l + (−a)n xl, (∀)n, l ∈ N;
iv)
xnxn+l =
1
1 + 4a
[y2n+l − (−a)n yl] , (∀)n, l ∈ N.
Proof. Using Binet’s formulae for the sequences (xn)n≥0 and (yn)n≥0 , we have:
i)
ynyn+l = (α
n + βn)
(
αn+l + βn+l
)
= α2n+l + αnβn+l + αn+lβn + β2n+l =
= y2n+l + α
nβn
(
αl + βl
)
= y2n+l + (−a)n yl.
ii)
xnyn+l =
αn − βn
α− β
(
αn+l + βn+l
)
=
=
α2n+l − β2n+l
α− β −
αnβn
(
αl − βl)
α− β = x2n+l − (−a)
n
xl.
iii)
xn+lyn =
αn+l − βn+l
α− β (α
n + βn) =
=
α2n+l − β2n+l
α− β +
αnβn
(
αl − βl)
α− β = x2n+l + (−a)
n
xl.
iv)
xnxn+l =
αn − βn
α− β ·
αn+l − βn+l
α− β =
=
α2n+l + β2n+l − αnβn (αl + βl)
(α− β)2
=
1
1 + 4a
[y2n+l − (−a)n yl] .

Let p, q be two arbitrary integers. We consider the sequence (sn)n≥0 ,
sn+1 = pxn + qyn+1, n ≥ 0, (5.1.)
where (xn)n≥0 , (yn)n≥0 are the sequences previously defined.
We obtain that sn = sn−1 + asn−2, (∀)n ∈ N, n ≥ 2,
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s0 = px−1+qy0 = p+2q, s1 = q, that means (sn)n≥0 are (1, a, p+ 2q, q)−numbers.
In the following, we will use the notation sp,qn for sn.
Let α, β∈Q∗ and let HQ (α, β) be the generalized quaternion algebra over
the rational field, with basis {1, e1, e2, e3}. We define the n-th
(1, a, p+ 2q, q)− quaternions to be the elements of the form
Sp,qn = s
p,q
n 1 + s
p,q
n+1e1 + s
p,q
n+2e2 + s
p,q
n+3e3.
Remark 5.2. Let p, q be two arbitrary integers, let n be an arbitrary positive
integer and let (sp,qn )n≥1 the sequence previously defined. Then, we have:
pxn+1 + qyn = s
ap,q
n + s
p,0
n+1, ∀ n ∈ N− {0}.
Proof. We compute
pxn+1 + qyn = pxn + apxn−1 + qyn = sap,qn + s
p,o
n+1.

Remark 5.3. Using the previously notations, we have the following relation
Sp,qn = 0 if and only if p = q = 0.
Proof. ”⇒” If Sp,qn = 0, since {1, e1, e2, e3} is a Q− basis in quaternion algebra
HQ (α, β) , it results that s
p,q
n = s
p,q
n+1 = s
p,q
n+2 = s
p,q
n+3 = 0. Using the recurrence
relation of the sequence (sp,qn )n≥1 , we obtain that s
p,q
n−1 = 0, s
p,q
n−2 = 0, ...,
s
p,q
1 = 0, s
p,q
0 = 0. Since s
p,q
1 = q, it results q = 0 and since s
p,q
0 = p+ 2q = 0, it
results p = 0.
” ⇐” It is trivial. 
Proposition 5.4. Let a be a nonzero natural number and let O be the set
O =
{
n∑
i=1
(1 + 4a)Spi,qini |n ∈ N∗, pi, qi ∈ Z, (∀)i = 1, n
}
∪ {1} .
Then O is an order of the quaternion algebra HQ (α, β) .
Proof. Applying Remark 5.3, S0,0n = 0∈O.
Let n,m ∈ N∗, p, q, p′ , q′ , c, d ∈ Z. We obtain that
csp,qn + ds
p
′
,q
′
m = s
cp,cq
n + s
dp
′
,dq
′
m
and, from here, we get
cSp,qn + dS
p
′
,q
′
m = S
cp,cq
n + S
dp
′
,dq
′
m .
This implies that O is a free Z− submodule of rank 4 of the quaternion algebra
HQ (α, β) .
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Now, we prove that O is a subring of HQ (α, β) . Letm,n be two integers, n < m.
We have:
(1 + 4a) sp,qn (1 + 4a) s
p
′
,q
′
m =(1 + 4a) (pxn−1 + qyn) (1 + 4a)
(
p
′
xm−1 + q
′
ym
)
=
= (1 + 4a)2 pp
′
xn−1xm−1 + (1 + 4a)
2
pq
′
xn−1ym+
+(1 + 4a)
2
p
′
qxm−1yn + (1 + 4a)
2
qq
′
ynym.
Applying Proposition 5.1 and Remark 5.2, we obtain:
(1 + 4a) sp,qn (1 + 4a) s
p
′
,q
′
m =(1 + 4a)
2
pp
′ 1
1 + 4a
[yn+m−2 − (−a)n ym−n] +
+ (1 + 4a)
2
pq
′
[
xm+n−1 − (−a)n−1 xm−n+1
]
+
+(1 + 4a)2 p
′
q [xn+m−1 + (−a)n xm−n−1] + (1 + 4a)2 qq
′
[yn+m + (−a)n ym−n] =
= (1+4a)
2
[
pq
′
xn+m−1+qq
′
ym+n
]
+(1+4a)
2
[
(-a)
n
p
′
qxm−n−1+(-a)
n
qq
′
ym−n
]
+
+(1 + 4a)
[
− (−a)n−1 (1 + 4a) pq′xm−n+1 − (−a)n pp
′
ym−n
]
+
+(1 + 4a)
[
(1 + 4a) p
′
qxn+m−1 + pp
′
yn+m−2
]
=
=(1 + 4a) s
(1+4a)pq
′
,(1+4a)qq
′
m+n +(1 + 4a) s
(−a)n(1+4a)p′q,(−a)n(1+4a)qq′
m−n +
+(1 + 4a) s
(−a)n(1+4a)pq′ ,(−a)n+1pp′
m−n+1 + (1 + 4a) s
(−a)n(1+4a)pq′ ,0
m−n+1 +
+(1 + 4a) s
a(1+4a)p
′
q,pp
′
m+n−2 + (1 + 4a) s
a(1+4a)p
′
q,0
m+n−1 .
It results that (1 + 4a) sp,qn (1 + 4a) s
p
′
,q
′
m ∈O. Therefore, O is an order of the
quaternion algebra HQ (α, β) .
Conclusions. In this paper, we introduced the (a, b, x0, x1)−elements and we
studied some properties and applications for the (1, 1, p+ 2q, q)−numbers (the
generalized Fibonacci-Lucas numbers), the (1, 1, p+ 2q, q)−quaternions (gener-
alized Fibonacci-Lucas quaternions), the (1, a, 0, 1)−numbers, the
(1, a, 2, 1)−numbers and the (1, a, p+ 2q, q)−quaternions. For the last one, we
gave an interesting algebraic structure.
From the above, we can see that these elements can be studied in a more
genealized cases and all other particular cases are subordinated to this approach.
In the paper [Fl, Sa; 17], we studied properties and applications of elements
arising from a difference equation of degree three. It is interesting to study
what relations must satisfy coefficients of a difference equation such that the
quaternions defined using that equation to have a ring structure, as above.
This idea can constitute a starting point for a further research.
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